5 Perturbations and Approximation
Methods

In this chapter we study methods of approximation frequently used to solve quantum
mechanical problems that are too difficult (or impossible) to solve analytically. We will
cover both stationary (i.e., time-independent) and time-dependent perturbation tech-
niques involving perturbations of small enough amplitude compared to the unperturbed
Hamiltonian of such systems.

Some of the material presented in this chapter is taken from Auletta, Fortunato and
Parisi, Chap. 10 and Cohen-Tannoudji, Diu and Lalo&, Vol. II, Chaps. XI and XIII.

5.1 The Theory of Stationary Perturbations

It is very often the case in quantum mechanics that the Hamiltonian of a system is not
explicitly a function of time. These are cases where we need to solve the time-independent
form of the Schrodinger equation (see equation (1.56) in Chapter 1). Unfortunately, in
most cases it is not possible to solve Schrédinger equation exactly to obtain analytical
solutions. Physicists must then resort to methods of approximations in order to develop
solutions of increasing accuracy by considering higher orders of perturbations.

We consider the case of a quantum mechanical system with an Hamiltonian such that

H=Hy+ W, (5.1)

where Hj is the unperturbed Hamiltonian, for which we know the eigenvectors and
eigenvalues, and W is a perturbation such that W’ < Hy (but see below). We assume
that both Hy and W’ are independent of time. This lack of dependence on time and the
difference in importance between the two components of the Hamiltonian is the basis for
the theory of stationary perturbations.

Given the relative smallness of the perturbation we normalize it in relation to Hy and
introduce a real parameter A < 1 such that

W' =AW (5.2)
and

H(\) = Ho+ \W. (5.3)

We will assume that the unperturbed Hamiltonian H, possesses a set of eigenvec-
u,Jn> = Opmdi; and vai ’ug><uf1 ), and

tors {‘uw}, which also forms a basis (i.e, <uf1
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5 Perturbations and Approximation Methods

associated eigenvalues EY, where i = 1,...,g, stands for the potential degeneracy of
the corresponding energy levels. The problem consists in finding the new (perturbed)
eigenvectors |1 (A)) and energies E (\) corresponding to equation (5.3) for the perturbed
Hamiltonian. We propose to achieve this through a power series expansion for these

quantities. More precisely, our new eigenvalue problem is defined by

HN[pN)=EN[vO), (5.4)
with

W) = Y M) (5.5)
j=0

E()\) = i Mej, (5.6)
j=0

where [j) and €; are to be evaluated in terms of ’um and EY. We also require that
(W (A\) ¢ (N) = 1. It is important to realize that the normalization condition only
defines |1 (X)) up to a global phase factor. That is, if [¢) (\)) is a suitable expansion,
then so is e |¢ (\)), with ¢ an arbitrary phase parameter. We will therefore fix the
global phase by choosing (0] (\)) to be a real quantity. Furthermore, since A is also
chosen to be real, it follows from this phase condition and equation (5.5) that (0] j) must
be real for all j.
We now insert equations (5.5)-(5.6) into equation (5.4) to get

(ISI0+)\W) SN | = (ZAk€k> >N
=0 k=0 =0

=S ), (5.7)

4,k=0

which can be transformed to

iw‘ [(ﬁo — o) iy + (W —e1) i = 1) - fjk = k>] =0 (5.8)
j=0 k=2

with the understanding that |m) = 0 for m < 0. Since this equation must be verified for
any value of A, it must be that all terms in equation (5.8) (i.e., for any order j) vanish.
We therefore find that for the term of order j

(o —20) iy + (W =21) lj = 1) —e2lj = 2) = ... —&;0) = 0. (5.9)

However, these equations cannot be solved independently since they are constrained
by the aforementioned normalization condition of the ket [¢) (A)). That is,
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5 Perturbations and Approximation Methods

NP ) = Z N 1K)

7,k=0

= Z)\m<z<m—n\n>>
m=0 n=0

= 1

Again, this equation cannot depend on A and we must have

Z —n|n)=0.
=0

For example, up to order 2 equation (5.10) yields

(010) +X((110) + (0] 1)) + X% ((2]0) + (1[1) +(0]2)) =

or

(010) =

(1[0) +(0]1) =
2[0) +(1]1)+(0]2) =

But our choice for the phase condition (i.e, (0|j) is real) implies that (0| j) =

therefore

(110) = (0]1)
= 0
(210) = (0]2)
= (.

More generally, it is easy to see from equation (5.11) that for the term of order j

@10y = (0l4)
Z m—mn|n)

=1

3

m\»—l M\H —

(G-1D+G-2[2)+...+2lj-2) +

(5.10)

(5.11)

(5.12)

(5.13)
(5.14)
(5.15)

(710), and

(5.16)

(5.17)

(5.18)

Returning to our example for calculations up to the second order, equation (5.9) yields
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5 Perturbations and Approximation Methods

Ho|0) —egl0) = 0 (5.19)
(ﬁo—so)\1>+<W—51) 0) = 0 (5.20)
(ﬁg—s()) \2>+(W—51)y1>—5210> _— (5.21)

The first of these relations makes it clear that ¢ is an eigenvalue of H, 0, which we are free
to choose. The complexity of the analysis will vary depending on whether this eigenvalue
is degenerate or not.

5.1.1 Perturbation of a Non-degenerate Energy Level

For a non-degenerate energy level, say, E?, is associated only one ket |u,) and we write

g0 = E? (5.22)
0) = |un). (5.23)

This is, evidently, the energy associated to the unperturbed system. The first order
correction to this value is obtained by projecting equation (5.20) on |u,) = |0)

o | (10 = B2) [ 1)+ Qon [ (7 1) [ 1) = (e | (W = 21) )

= 0, (5.24)
since (up| Hy = (up| E%, and we thus find that

A

w

un>. (5.25)

If we next consider another eigenvector ‘uﬁn> (i.e., m # n), potentially of a degenerate

g1 = <un

subspace, of I:Io, we can calculate through another projection of equation (5.20)

(o | (0 = E2) 1) + (ot (W =22 [ )

(Em = Bn) (i [ 1)
= 0, (5.26)

e i —
since <um ’ un> =0, or

1 ,
m | W

{(u, | 1) = oo <um un> . (5.27)

Combining all such coefficients with equation (5.14) we can write
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5 Perturbations and Approximation Methods

=y Z < ‘ > |ul,) . (5.28)

m#n 1=1

We can use a similar technique to determine the second order correction. We first
calculate 2 by projecting equation (5.21) on |u,) = |0)

<un (ﬁo - Eg) ’ 2> n <un (W - 51) ’ 1> — 25 (un | ) = 0, (5.29)

from which we get (remember that (u, |1) = 0 from equation (5.14))

€o = <un W’1>
= ZZK W‘un> (5.30)
me#n i=1 En,

The energy E, (\) of the perturbed system, approximate to the second order, is thus
given by
un>

Finally, we project equation (5.21) on ‘uﬁn>, still with m # n, such that

(| (70 = E2) | 2) +
Using (ul, | un) = 0 for m # n, and equations (5.25) and (5.28), this relation is trans-
formed to

)W’ 2

W’ (5.31)

) + ZZK

m#n 1=1

E,(\) ~ E° + <un

(W — 81) ’ 1> — &9 <u’m } un> = 0. (5.32)

(i |2) = Eg_lE% (Gt [ 1) = &1 G | 1)
P (up W un ) R ] . ) v
_ §§< | ><<u;n W) — (|7 ) u, )
v (up w Un ) R ] .
= g z:l < ‘ ’ > <<U:n w ‘ ui,> — <un ‘ w ‘ un> 5mp57,’j) . (5.33)

Combining equations (5.23), (5.28) and (5.33) we then find that, to the second order,

[ (N) = |un)

+ZZ

m#n i=

W)
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gm 1

030 o FEE N SR L

m#n i=1 p#n j=1

Wl

)= (o ) )
(5.34)

where the expansion was written with increasing order of approximation on successive
lines.

Equations (5.31) and (5.34) are the result of our stationary perturbations approxima-
tion to the order 2. We note the following facts: i) our earlier condition that W' < Hy is

w’ un>
of the Hamiltonian perturbation relative to the differences between E° and the other
W ‘ un> < EY—EY), and ii) the un-
perturbed eigenvectors |u,) and eigenvalues F,, will only be affected by the perturbation

W’ un> #0).

necessary but insufficient since it is the smallness of the matrix elements <u§n

energy levels E! that matters (i.e., we need <ufn

if it couples |uy) to |uf,) (i.e., <ufn

5.1.2 Perturbation of a Degenerate Energy Level

In cases where we choose a level ¢ = E° that is degenerate, i.e., there are several
eigenvectors |u§b> (1t = 1,2,...,g,) of the unperturbed Hamiltonian H, sharing this
eigenvalue, and equation (5.19)

Hy |0) = o [0) (5.35)

is not sufficient to uniquely determine |0). This is because any of the kets ‘uw or their

linear combinations will verify this equation. Here, we will solve this problem by limiting

ourselves to the first order for the energies and zeroth order for the eigenvectors of H.
We first project equations (5.20) on one of the eigenvectors ‘ui)

(o (i 52) 1)+ o
(o

We now make use of the projector associated with the subspace of energy EU, i.e.,

(W - 51> ‘ 0> —0 (5.36)

or

W ‘ 0> =1 (u, | 0). (5.37)

?Zl ) ><u¥L , and insert it on the left-hand side of equation (5.36) to get
gn . A~ . . .
3 <u; W ‘ ugl> (ul, |0) = &1 (ul, ] 0). (5.38)
j=1

Evidently the quantities <uil

W ‘ uZL> are the elements of the g, X g, (sub)matrix
0 ) are the elements of vector |0) also limited to

1% ‘ uﬁb> and ¢; = <uf¢ O>,

associated to the subspace of E’g, and <u%

that subspace. If we define these quantities with W, ;; = <u§Z

then this equation can be written as
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gn

Z (Wn,ij - {:‘1(5@']') Cj = 0. (539)
j=1
Equation (5.39) is clearly that of an eigenvalue problem. It follows that to determine
the eigenvectors to order 0 and eigenvalues to order 1 for the unperturbed vectors ’um
and energy level E? of the Hamiltonian H, we simply need to diagonalize the matrix of
elements W, ;; = <u§L ’ W ‘ ul, ). For example, in the case where EY is twice degenerate

the formalism presented in Section 1.6 of Chapter 1 can be used.

Exercise 5.1. We consider the case of two spin-1/2 particules of spin S; and S, sub jected
to external magnetic field B = Bge,. Treat By as a classical quantity and assume that
the particles are fixed in space.

a) Calculate the Hamiltonian Hy resulting from the interaction of the particles with
the external magnetic field, as well as from the interaction Hamiltonian W between them.

b) Assuming that the particles have different gyromagnetic ratios (i.e., 71 # 72),
calculate the different states and energy levels due to Hy, and the first order corrections
brought about by W to the energy levels and to the state with of lowest energy.

c) Now assume that 7; = 72 and calculate the first order corrections brought about
by W to the energy levels.

Solution.

a) The unperturbed Hamiltonian Hy is easily calculated through the magnetic dipole
interaction between the external magnetic field and the particles’ spins. That is, with
M; the magnetic dipole moment of particle j,

.ﬁo = *<M1+M2>B
— — (81 +78:) B
= wlglz + WQSQZ, (5.40)
where w; = —v;Bg. The magnetic field due to a magnetic dipole at a distance r is given
by
B, = [3n(n-M;) - M, (5.41)
T 43 J 117 '

with n = r/r. The interaction Hamiltonian between the two spins is therefore

W= —’Ylgl - By
= —7252 B
Ho & & 4 A
= an3 12 [Sl Sy —3 (51 : n) (Sz : n)}
wr
= (M) (To+To+ T+ T+ To+T9), (5.42)
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5 Perturbations and Approximation Methods

with & (r) = —y1y20/ (47r®) and, if we define n = sin () cos (¢) e, + sin (6) sin (¢) e, +
cos (0) e,

To = [3cos? (0) — 1] S1.5. (5.43)
7= —i [3cos? (6) — 1] (SHSQ, + 5*1,5‘2+) (5.44)
T = gsin (0) cos () e <§1z§2+ + §1+§22) (5.45)
T, o= ;sin (0) cos (6) € (815 + 5152 (5.46)
Ty, = Zsirﬂ () e 298, Sy (5.47)
T, = zsin2 (0) eSS, (5.48)

These equations were derived using

Sin = % (Si++ i) (5.49)
S, = % (8- = $i+)- (5.50)

b) The different spin states of the system are given by the four different kets |1, €2),
with €1,e9 = +. The time-independent Schrédinger equation for the unperturbed Hamil-
tonian is

ffo le1,€2) = (nglz + W2S2z) le1,€2)
h
= 5 (51w1 + 62(«}2) ’51,€2> . (5.51)

The four energy levels are therefore

EY = —g(w1+w2) (5.52)
EY, = —g(wl—wz) (5.53)
E}_ = g(wl—wg) (5.54)
E}, = g(wl—i—wg). (5.55)

We know from equation (5.31) that the first order correction to the energies are given

by <z~:1, €9 ’ W ‘ €1, €2>. Since we are looking for the diagonal matrix elements of W, we
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5 Perturbations and Approximation Methods

need to find the terms in equations (5.43)-(5.48) that do not cause a transition between
two different states. Because of this we choose any operator that do not depend on Sj;
Tp is the only such operator. Defining Q = & (r) [3 cos? () — 1] h/4, we have

<€17 €2

and the perturbed energy levels become

w

61,€2> = Ep’:‘QhQ, (5.56)

El = —g (w1 + wa) + QY (5.57)
El, = —g (w1 — wy) — hQ (5.58)
El_ = g(wl — wa) — hQ (5.59)
El, = g (w1 + wa) + AL (5.60)

From equation (5.34) we determined the perturbed ket associated with the E97_ energy
level to be

(o))

’1/}_1_> = ’_7 _>+§(T) Eg_ _E9+ |_7+>+
<+7_ Tl _7_> | > <+7+ TQ _)_> ‘ >
+ +,-) + ++
B g0 B BT,

3 e = 4) | €9+ )
= |- =& {4hsm () cos (9) [2 (we —2Q) * 2 (w — 29)]

sin? e"i2¢
3h4 (wl(f_)wz) |+, +)} : (5.61)

Similar perturbed states could be calculated for the three other combinations of |e1, €2).
It is apparent that the four perturbed states are not orthogonal to one another.

¢) When the two particles have the same gyromagnetic moment (but are assumed
distinguishable) v = v; = 72 and w = w; = w9, and we have

EY = —hw (5.62)
0 0
E_,“F — E_;'_’_

=0 (5.63)
EY, = hw. (5.64)

For the non-degenerate levels we have
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S = )
= hQ, (5.65)
as before. For the degenerate levels, according to the material covered in Section 5.1.2

we need to diagonalize the matrix associated to W in this two-dimensional subspace. We
therefore calculate the different matrix elements

() = (o))

- {ofafc)
= —hQ (5.66)

<+,— W —,+> = <—,+ W +,—>

= <+,— T —,+>
= —hQ, (5.67)

and we need to diagonalize the following matrix

W, _ = —hQ( 1 i ) . (5.68)

It is straightforward to determine that the eigenvalues of this matrix are 0 and —2A(2,
with for eigenvectors

1

lva) = ﬁ(|+’_>_’_’+>) (5.69)
1

‘1/}5> = E(|+7_>+’_’+>)7 (570)

respectively. Finally, the perturbed energy levels are

El = —h(w-9Q) (5.71)
EY = —2mQ (5.72)
EL =0 (5.73)

Ei, = hw+9Q), (5.74)

the degeneracy is thus lifted.
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5.2 Time-dependent Perturbations Theory

We now consider the more general case When, although the unperturbed Hamiltonian
Hy is not, the perturbation W’ (t) = AW (t) is time-dependent. As before, we denote
the eigenvalues and eigenvectors of Hy with E? and |u,), respectively. These kets are
stationary states and their set {|u,)} forms a basis.

Our goal is to solve the Schrodinger equation

i (1) = [Ho+ A )] 10 () (5.75)

using the eigenvectors of H, for an expansion of the state vector

(1) = cn(t) e Bt M) (5.76)

n

This equation is slightly different to the formal expansion introduced in Chapter 1 (see
equation (1.58)) where the coefficients ¢,, are time-independent. Its form is justified by
the fact that when A = 0 the coefficients ¢, (¢) lose their time dependency and becomes
constant, while when A < 1 we would expect them to be slowly varying with time.
Inserting equation (5.76) into the Schrodinger equation and projecting on |ug), we have

d - . ,
lhack (t) eszgt/h + Egck( ) —iBXt/h _ EO ( ) —iEt/h + )\ZWkn (t) Cn (t) eszgt/h

(5.77)
with Wy, = <uk ‘ W ‘ un> Multiplying on both sides by BNt/ e get

zh—ck =\ Z Wien (¢ ewknt/h (5.78)

where we introduced the Bohr frequency wg, = (E,g — Eg) /h. This is the system of
differential equations we need to solve. We propose to achieve this using the following
power series in A

t) = i N (1), (5.79)
§=0

which we insert in equation (5.78)

mZAJ e ) (¢ Z ATt Z Win (t) enteld) (¢) (5.80)

We can now match orders on both sides of equation (5.80) and get, for the zeroth order

d
mdtc,(j’) (t) =0, (5.81)
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for the first order

mf Zwk e rntc(0) (1) | (5.82)

and to an arbitrary other p

= Win (t) e "cP=D (2). (5.83)

The solution of order 0 corresponds to the case when A = 0, i.e., for the unperturbed

0) correspond to the constant values
¢, for the initial state of the system [¢ (0)) = Zk ¢k |ux), before the perturbation was
turned on (i.e., at ¢ = 0). This state and its associated coefficients are known a priori. An

iterative procedure can then be adopted, where the cq(zo) are inserted in equation (5.82)

(1)

to obtain Ch and so to successive orders.

time-independent system. That is, the coefficient ¢,

5.2.1 First Order Solution - Transition Probability

We assume that the system is initially in a non-degenerate state |u;) and then subjected
to the perturbation for ¢ > 0. The 0 order solution is thus

O (1) = . (5.84)
Insertion in equation (5.82) for the first order solution yields
1 I !
Dy = L / Wi (£) et d (5.85)
ih 0
and
(1)) = e (1) + eV ()] e i)+ D7 kD) (1) e IR ) (5.86)

We can inquire on the probability of finding the system in a state |ug), with k # i,
at time ¢. This corresponds to a transition from the initial |u;) to the final |ug) states,
which, of course, is calculated through the probability amplitude

S (1) = Mug | (1))

I ot!

- = Wi, (t') emitat, (5.87)
? — 0o

while the corresponding probability is
P (t) = |Sul”

1|/t ol

= 3 / Wi, (t') e“stat’| . (5.88)

—0o0
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Exercise 5.2. We consider the case of a sinusoidal perturbation

W' (t) = W' cos (wt) (5.89)

applied for t > 0. Calculate the probability of transition Py, (¢) to the first order in
precision.

Solution.

The probability amplitude can be determined with

W/~ t ) ,
Sie (t) = zh]ﬂ/o cos (wt) e™rit dt’

t
_ W/;z/ [ei(wki—w)t’+ei(wki+w)t’] dt’
0

2ih
ng [1 _ eilwri—w)t 1 _ pilwritw)t
: +

o (5.90)

Wi — W Wi + W

When wy; > 0 a significant amplitude (and probability of transition) will occur when
|wki —w| < w, in which case the second term on the right-hand side of equation (5.90)
dominates over the third. These terms are respectively called quasi-resonant and
anti-resonant. We therefore calculate the probability of transition using the so-called
rotating-wave approximation, i.e., by neglecting the anti-resonant term

W/, |1 — eilwri—w)t
Sip (t) =~ — [ ]

2h Wri — W
Zthéz (Wi —w)t/2 t
BT sinc | (wg; — w) 1k (5.91)
where sinc (z) = sin (z) /x, and
2 Wil t
Pi (t) = g2 sine (Wi — w) 5 (5.92)

This function is strongly peaked around w = wy; and goes to 0 at |wg; —w| = 27/t. It
follows that the state |uy) can only be significantly populated after an interaction time
t if

Wgi — % <w < wg + % (5.93)

Since E,g > Elo, it follows that the transition must result from the absorption of a
quantum of energy hw ~ hwg;.

In cases when wy; < 0, the roles are inverted in equation (5.90) and the term containing
wik; +w is kept while the one containing wy; — w is neglected. The transition process then
stems from the emission of quantum of energy Aw ~ hw;.
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5.2.2 Second Order Solution

It is often the case where the first order calculations presented in the previous section
do not bring any correction due to the fact the perturbation does not couple the initial

and final states, i.e., Wy, = <u2 ‘ 1474 ‘ uk> = 0 for ¢ # k. We must then resort to second
order calculations since these two states may also couple to a third state |u;), such that
WiiWip, = <uZ W uj> <uj ’ W ‘ uk> # 0. The second order term would then dominate

the perturbation for such processes.
More precisely, when dealing with a system prepared such that

& (t) = 81, (5.94)

we find by inserting equation (5.85) into equation (5.83) for p = 2 (i.e., the second order
equation) that

d
Zhdt (2)( ) = ZWk ik c; ) (t)

t
= ZWm et H/ Wii (¢) et d'| (5.95)

The transition amplitude then becomes after an interval of interaction ¢

S (t) = A2

= m/ dt// dt N Wi () Wi (&) ent' et (5.96)

J#ik

where we note that the summation is on states j # i and k since we assumed that
Wi = 0.
We will now concentrate on the special case where

W' (t)=W'H (t), (5.97)

where H (t) is some function akin to the Heaviside unit-step distribution. That is,
we make the approximation that the perturbation is “switched on” approximately at time
t = 0 and that the interval needed to go from 0 to 1 is much smaller than the duration of
the interaction. However, we also require that the switch on time is much larger than the
characteristic evolution times of the system (i.e., much larger than w,;jl). For example,

we can set
1, fort>eg/2

H(t)=< t/e, for [t| <e/2 (5.98)
0, fort< —e/2,

with € > w,;jl. Under these conditions we can calculate
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¢/ 1" iwiit! 1 1 o ! " t 1 v ) p
/ dt 67'0.)]2 H (t ) = T e%)jz H (t ) — - / dt’ e iwjit 7//H( )
—00 Wjg —00 Wi J oo dt
= 'Leiw]'it/ _ 1 /5/2 dt”eiwﬁt"
Wi iwjie J_c)o
= 1 ez‘wht’_ 2 Sin(wﬁg/Q)
1wy W€ wji
1.
L (5.99)
'ji
and
! 4 ! ' 1wt / v 1 odwiit! "
S (t) = _?ZWk‘jmi At ¢™ki H(t) gt e H(t)
g Jj#ik —o0 o
t/
- R Z Wk] / dt' e writ' [ (t') / dt' eiwsit”
J?élk 0
t
S s . / dt'e’ (e ) | (¢))
]75”6 —00
t
~ 2 Z ij / dt/ezwkit/
jF#ik 0
it w.W! 1
~ % Z ﬁezwmtﬂslnc <2wkit> , (5.100)
J#ik

teiwt/2

where used wy; +wj; = wy; and fg dt’ et = sinc ( t). The probability of transi-

tion from |u;) to |ug) is thus

t2 Wy, Wi 1
Pir (t) ~ -5 Z ﬁ sinc? (wkit> . (5.101)
R | £ E? — E 2

We note that for t < 27 /wy; we find that the transition probability is proportional to t2
2
t? Wi, Wi,
Pi () ~ 1 ; B9 (5.102)
JFik

5.3 Coupling of a Discrete State to a Continuum and
Fermi’'s Golden Rule

We consider the transition between an initial discrete and non-degenerate state |u;) of
energy E9 = 0 to a quasi-continuum of orthogonal states {|uy)} of energies Ey = ke,
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with k an integer and € very small. We also assume that the perturbation W’ can couple
the initial state to any continuum state with a single (real) matrix element w, but cannot
couple two continuum states. That is,

(o

<uk ‘ W ‘ uk> _— (5.104)

W ‘ u> = w (5.103)

with |ug) and |ug/) two continuum states, and we also assume that

(o

5.3.1 Short-time Behaviour: Transition Rate to the Continuum

W ‘ u> —0. (5.105)

We start by calculating the probability that the system remains in the initial state after
a time ¢, which can be written as

Pi(t)y=1- > Pul(t). (5.106)

The probability of transition P (t) can be calculated to the first order from equation
(5.88) to be

2
_ pw® o (ke

In cases where t < 27h/e we can replace the summation in equation (5.106) by an
integral

2 o)
B oW 5 (Et\ dE
PZ (t) = 1-—t ﬁ OOSIIIC (%> T
2 o)
qw* 2h .9
= 1-—t e _Oosmc (z)dx
9 2
= 1t (5.108)
he

since fjozo sinc? (z)dez = m. We therefore find that the transition rate T' (to any
continuum state) is independent of the period of interaction

P o= %[1—7%-(@]
2mw?

= . 1
- (5.109)
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This result is different to the linear dependence in time found for the transition rate
between two discrete state ( see equation (5.107) for the first order when we set ke = wy;,
or equation (5.102) for the second order calculations).

5.3.2 Long-time Behaviour: Exponential Decay

Equation (5.109) only applies when ¢ < 2mw?/ (he). For longer timescales we must adapt
our formalism to this problem. First, we expand the state of the system with

o0

[ (0) =i () [u) + D e (t) e M ug) (5.110)

k'=—o0

which upon insertion in the Schrédinger equation yields

oo

ih%Ci (t) [ui) + ih k/:z_:oo %Ck/ () e /Py = ()W )

oo
+ ) e e T MW uy) . (5.110)

k'=—c

First projecting this equation on (u;|, and then on (uy| while multiplying by e/ gives
d - :
ihei(t) = w > e (t) e ket (5.112)
k=—o00
d )
ih%ck t) = we(t) e, (5.113)
The last of these equations is readily inverted to find
w t S
ok (t) = = / c; () ety (5.114)
tr Jo

which upon insertion in equation (5.112) yields

[e.e]

icl- (t) — _wa Z e—iket/h /t ¢ (t') eiket’/hdtl
dt h2 0

k=—o00

Te [* ket
= —ﬁ i dt'c; (t') [ D et Wﬁ] : (5.115)

k=—o0

where equation (5.109) was used. If we once again assume that ¢t < 2wh/e, then the
summation within brackets can be replaced by an integral
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O ike(s L[ oy
S k-t / GEW-D/h g
k=—o00 €J-o0
= 2ih5(t’—t). (5.116)
€

It follows that equation (5.115) is transformed to

d ! / / /
—a(t) = —F/O a(t)o(t' —t)dt

= _r/t ci (t') 6 (t' —t)dt’

0

— D) / 5 (M) dA
1 o

— T () [2 / 6()\)d)\]

1
= —5Tei (1), (5.117)
which implies that
¢i(t) = e T2 (5.118)

since ¢; (0) = 1. The probability of finding the system in the initial state |u;) therefore
decays exponentially with time

Pu (t) =" (5.119)

and tends to equation (5.108) when I't < 1. The form of equation (5.119) is the reason
why I'"! is commonly referred to as the lifetime of the state |u;).
It is interesting to insert equation (5.119) into equation (5.114) to get

w t 1 )
cp (t) = ), ¢ (1) ettt /hay!
_ % /0 ! ke HiRD J2)1 /1 g1
1 _ gilke+ihD/2)t/h
ke +ifl/2

= w (5.120)

and for the probability of finding the system in the continuum state |uy) as t — 400

,w2

LR (5.121)

Pr =
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Furthermore, the probability of finding the system in a state of energy contained
between F and F + dFE is given by

P(E) = Pk@ (5.122)

since dE/e is the number of states in that energy interval. It follows from equation
(5.109) that

AP =
dE © 27 B2+ R2A2/4°

This is the so-called Lorentzian profile for the final distribution of energy in the quasi-
continuum of states.

(5.123)

5.3.3 Fermi’s Golden Rule

We have so far used the idealizations that the energy levels in the quasi-continuum were
|44 ‘ uk> = w, with w a
constant (we still have |u;) for the initial discrete state and |ug) a continuum state). We

now abandoned these approximations. Rather, we now allow the density of state p (E)
between F and E + dF to be a function of the energy, i.e.,

separated by a constant level € and that the matrix element <ul

dN (E)
E) —
p(E)=—r
with N (E) is the number of states in that energy range. We also no more consider the
range of energies available to the continuum to be infinite, as was previously the case.

When dealing with a non-degenerate continuum we can generalize equations (5.106)
and (5.107) for first order calculations when t < 27h/d (F) to

(5.124)

_ 2 | k’z| 2 1
Pi(t)=1- Zt 72 —Zsinc <2wkit>. (5.125)

k

If W/, and p (E)) are slowly varying in comparison to sinc (w;t/2), we can then replace
the summation by an integral with >~, — [ p (E}) dEjy and

t2 1
Pi(t) = 1-— h2/dEkP Ex) |W,m’ sinc <2wkit>

t2 1
= 1- ﬁp (Ey) ‘Wéi|2/dEksinc2 <2wkit>

= 1——p ‘Wm} /smc

27t
= 1- fﬂ(Ei) |sz‘
— 1-TY, (5.126)
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where we used [ sinc? (r) dr = 7 and redefined the transition rate to

27 2
= - \Wii|” p (Ex = Ei). (5.127)

Equation (5.127) is referred to as Fermi’s Golden Rule.

For a degenerate continuum other quantum numbers, beyond the energy Ej, will be
needed to specify a given state. If we denote these parameters by 5, then the continuum
states can be labelled with | Ey, §). The presence of the degeneracy brings another integral
(or summation) in the first line of equation (5.126), such that we can write

Pi(t) = l—t/dﬂzg

= 1-1T4, (5.128)
with

Elig N 2% ‘<Eka5 W) p (B = B, ). (5.129)

)

Exercise 5.3. Generalize Fermi’s Golden Rule for a non-degenerate continuum to the
case of a sinusoidal perturbation

W' (t) = W' cos (wt) (5.130)
applied for t > 0.

Solution.
We start with the first order calculations that yielded equation (5.90)

!

Wi [ !
Sik (t) = ﬁ]fl/o cos (wt) e“rit dt’

7

Wi " it o itwnt)t] gy
— A (W i w 1w i w dt
22'71/0 g te ]

_ W [1 —ellwrmwlt ] gilwritw)t

2h

Wi — W Wi + W

— Zthéz (wri—w)t/2 s t
= {e sinc (w;ﬂ—w)i

Setwritw)t/2g5 [(wkz +w) ;] } . (5.131)

If we again assume that the widths of the sinc [(wy; + w) t/2] functions are much narrower
than their separation (~ 2w), then we can approximate the product

sinc [(wk; + w) t/2] sinc [(wg; —w) t/2] = 0 (5.132)
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and
2 /2
Pir () = W {sin02 {(wm —w) ;] + sinc? [(wkz +w) ﬂ } . (5.133)
Referring to equation (5.126) we have
Pi(t) = 1-— ﬁ dExp (E )|VV’-‘2 sinc? | (w -—w)E + sinc? | (w -—I—(,u)E
[ 412 174 k ki ki 9 ki 9
Tt 2 2
= 1l-5 {‘Wl;z‘ p(Bi = hw) + [Wi| " p (B: + ﬁw)}
= 1-Tt, (5.134)
with
T 712 ! 2
r=_ {\W,ﬂ»| p (B, = E; — hw) + | Wii|* p (Bw = Ei + hw)} . (5.135)
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